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Abstract 
Nyikos, P.J. and J.E. Vaughan, The Scarborough-Stone problem for Hausdorff spaces, Topology 
and its Applications 44 (1992) 309-316. 
We give two methods of constructing families of sequentially compact Hausdorff spaces whose 
product is not countably compact. 
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1. Introduction 
A space is called sequentially compact provided every sequence in the space has 
a convergent subsequence, and is called countably compact if every sequence in the 
space has a cluster point. In 1966, Scarborough and Stone [12] proved that every 
product of no more than K, sequentially compact spaces is countably compact, and 
raised the problem: Is every product of sequentially compact spaces countably 
compact? Scarborough and Stone did not require any special separation axioms in 
their problem-not even Hausdorff. Various negative solutions to the problem have 
been given in many models of set theory, and these have all been in the class of 
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T,i-spaces (i.e., completely regular, Hausdorff spaces); see [2, 13.1; 6; 9-11; 14; 15, 
B 71. It is the purpose of this paper to settle the problem in ZFC (in the negative) 
in the class of Hausdorff (nonregular) spaces. 
We give two solutions to the problem. They are the first to be discovered (in 
ZFC) in any class of spaces, but the problem remains open (in ZFC) in many other 
classes of spaces. Concerning set theory, it is interesting to note that in the class of 
T,-spaces (i.e., perfectly normal, Hausdorff spaces) the solution to the problem is 
independent of and consistent with ZFC [14]. More recently, the first author and 
Boban VeliCkoviC have shown its independence for T,-spaces (i.e., hereditarily 
normal, Hausdorff spaces). 
In Section 3 we give the first discovered solution, announced by Nyikos in [8], 
which uses a modification of the Ostaszewski technique using weak bases. In Section 
4 we give a second solution, presented by Vaughan at the Oxford Topology Confer- 
ence, which uses a construction based on iterations of the well-known space 9 
14,511. 
Thus the Scarborough-Stone problem is now settled in the classes of T,-, T5- and 
T,-spaces. It is still open in the classes of TX:,-, Tsi- and T,-spaces, just to mention 
the obvious ones. There are, however, other classes where the problem is of interest. 
One of these is the class of zero-dimensional T,-spaces, and another is the class of 
zero-dimensional, locally compact T2-spaces (all the previous (consistent) negative 
solutions to the Scarborough-Stone problem consist of zero-dimensional, locally 
compact T,-spaces). Another is the class of first countable T?-spaces (first countable, 
countably compact spaces are a particularly interesting class of sequentially compact 
spaces). The T,-spaces constructed in this paper are nonregular, and therefore are 
neither zero-dimensional nor first countable because zero-dimensional T,-spaces 
are TX;, and first countable, countably compact Hausdorff spaces are Ti. The problem 
is also unsolved in the class of topological groups: Is every product of sequentially 
compact topological groups countably compact? 
Modifications of the Ostaszewski technique have been used to give consistent 
(negative) solutions to the problem, and it is of interest that the modification given 
in Section 3 gives a solution to the problem in ZFC, albeit only for Hausdorff spaces. 
The second construction (Section 4), which uses iterations of !P [4], is of some 
independent interest as a method of constructing scattered Hausdorff spaces (a 
similar iteration of !P has been used recently by Juhasz [5]). Both of our constructions 
use the notion of a weak base, and we discuss this in Section 2. 
2. Weak bases 
The notion of a weak base was introduced by Arhangel’skii [l]. 
Definition 2.1. Let X be a space and for each x E X let B(x) be a family of subsets 
of X each of which contains x. We say that % = U {B(x): x E X} is a weak base 
for X provided 
(1) for all B,, B2 E B(x), there exists B, E %3(x) such that B3 c B, n B2, and 
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(2) for every U c X, U is open if and only if for every x E U there exists B E L%(x) 
such that B c U. 
In both constructions in this paper (Sections 3 and 4) the weak base is especially 
simple: For every nonisolated point x E X, 93(x) will consist of closed sets of the 
form H u {x} where H is a cofinite subset of a countable set K that converges to 
x. For an isolated point x, of course, we take B(x) = {{x}}. In fact, our weak bases 
will satisfy all the following properties. 
Definition 2.2. A space X with weak base 93 = l_, {B(x): x E X} is (i) weakly locally 
countable if there is a countable set B E 93(x) for all x E X, (ii) weakly T, if whenever 
x # y there exist sets B, E S(x), and B,. E 93(y) such that B, n BY = 0, (iii) weakly 
T3 if X is weakly T2 and each B in 2(x) is a closed set in X, and weakly jirst 
countable [7] if B(x) is countable for all x E X. 
Lemma 2.3. Every weakly locally countable space is locally countable. 
Proof. For each x E X, let B,(x) be a countable member of B(x). For n 2 0 let 
B,+,(x) =u {B,(Y): Y E B,(x)} 
Then W(x) = IJ {B,,(x): n E w} is clearly a countable open set containing x. q 
The following theorem is due to L. Foged. 
Theorem 2.4. Zf X is a countable, weakly T,-space, then X is a T,-space. 
Proof. Let 93 = {B(x): XE X} be a weak base for X consisting of closed sets 
satisfying the condition of weakly Hausdorff. Let X = {x,: n E w} with each element 
listed infinitely many times. First we prove that X is normal. Let H = H, and K = K, 
be disjoint closed sets. Assume we have defined disjoint closed sets H, and K,, 
and now if x, E H, let H,,, = H,uB, where B,E%(x,,) and B,,cX-K,, and let 
K ,,+, = K,. If x, E K, let K,,, = K,uB, where B,,~93(x,) and B,cX-H,,, and 
let H,+, = H,. If x, g K, u H, let H,,,, = H,,, K,,+, = K,. Then 
lJ{H,,: nEW} and U{K,,: nEw) 
are disjoint open sets containing H and K respectively. Thus X is normal. It is easy 
to see that weakly T,-spaces are T, ; thus X is Hausdorff and hence T4. 0 
Definition 2.5 (cf. [13]). A space is called w-collectionwise Huusdorff provided for 
every countable closed discrete set H c X, there exists a family of pairwise disjoint 
open sets {U,: x E H} such that x E U, for all x E H. 
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Lemma 2.6. (a) Every T3-space is w-collectionwise Hausdor@ (b) Every weakly locally 
countable, weakly regular space is w-collectionwise Hausdor$I 
Proof. Part (a) is easy and well known. We prove (b): Let K be a countable, closed 
discrete subset of X. By Lemma 2.3, there is a countable open set W 1 K. For each 
XE w, put 
a,(x) = {BE B(x): B I= W}. 
It is easy to check that %w = {a,(x): x E W} is a weak base for the relative topology 
on W; so W is weakly regular. By Theorem 2.4, W is a T,-space; hence 
w-collectionwise Hausdorff. Thus there exists a family {U,: x E K} of pairwise 
disjoint open sets (open in W, hence in X); so X is w-collectionwise Hausdorff. 0 
Definition 2.7 [3]. A space X is called a sequential space if for every nonclosed set 
A c X, there exists a sequence in A which converges to a point x CZ A. 
Lemma 2.8. Every space with a weak base consisting of countable, compact T,-sets is 
weakly first countable, hence sequential. 
Proof. Let 95’ = U {s(x): x E X} be a weak base for X. For each x E X there is a 
countable, compact T,-set BE B(x). Since B is metrizable in the relative topology 
we can define a countable local base a’(x) for x E B. Since each member of 9’(x) 
contains a member of a(x), it is easy to see that %‘= U {95”(x): x E X} is a weak 
base for X. Thus X is weakly first countable. Since every weakly first countable 
space is sequential [7] this completes the proof. Cl 
We now discuss the limit ordinal step in our constructions. 
Definition 2.9. If {(Xu, Ya): (Y < r} is a family of topological spaces such that for 
every LY <p < ‘y, (X,, Fe) is an open subspace of (X,, TO), then we define the union 
of the family to be the space with underlying set X, = l.~ {X,: CK < y} and with the 
topology YY having as a base U { .YO : a < y}. 
Lemma 2.10. Zf {(X,, Ya): LY < r} is a family of topological spaces such thatfor every 
CY <B < y, (X,, Ta) isanopensubspaceof (X,, TO), andeach (X,, Ya) isa HausdorfS 
space with a weak base of compact, countable sets, then X,, the union of the family, 
is a HausdorfS space with a weak base of compact, countable sets. Further, X, is 
w-collectionwise Hausdor# 
3. Modified Ostaszewski construction 
Let w denote the set of nonnegative integers, and w* the set of all nonprincipal 
ultrafilters on w. 
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Definition 3.1. Let u E w*, X a topological space, and f: w + X a sequence in X. 
We say that x E X is the u-limit of f provided for every neighborhood U of x, 
f -‘( U) = {n E w: f( n) E U} E u. A space X is called u-compact provided every 
sequence in X has a u-limit. 
The following theorem is well known (e.g., see [ 151) and explains the standard 
strategy for a negative solution to the Scarborough-Stone problem. 
Theorem 3.2. If {X,: u E co*} is a famil_y of sequentially compact spaces such that X, 
is not u-compact for all u E w*, then fl {X,: u E co*} is not countably compact. 
In both of the constructions in this paper, the spaces X, are seen to be not 
u-compact in a simple way. Each space X, will contain w as a subset, and the 
“identity sequence” f(n) = n will have no u-limit. This is the same thing as saying 
that the ultrafilter u, considered as a filter base on X,, does not converge in X,. 
Construction of X,. Let u E w*, and let c denote the cardinal number of the 
continuum. Let [ clw = {K, : w c a < c} denote the set of all countably infinite subsets 
of c, well ordered so that K, c (Y for all w G (Y < c. We construct a topology on c 
by induction starting with the discrete topology T, on w. 
Assume we have constructed for all w d CY < y, where y< c, Hausdorff topologies 
T, on (Y and 93 (a) countable families of subsets of (Y + 1 each containing the ordinal 
(Y such that wsp<a<y imply 
(1) (p, To) is an open subspace of (a, T,,), 
(2) l.J {C%‘(p): p < a} is a weak base for ((.u, T,), 
(3) if p is not isolated in (/3 + 1, Tp+,), then there exists HP E [KplW such that 
HP converges to /? and generates the weak base C%‘(p) for p in (p + 1, To+,), 
(4) /3 is isolated in (p+l, T,,,) if and only if K, has a limit point in (p, Tp), 
(5) u does not converge to any point in (a, T,), 
(6) Kp has a cluster point in (j3 + 1, Tp+,). 
We now proceed to the construction of the space (y, TY). 
Case 1: y is a limit ordinal. Take T,, to be the topology on y having l._, { T, : (Y < y} 
as a base. Then (y, T,) works by Lemma 2.10. 
Case 2: y is a successor ordinal, say y = CY + 1. With (6) in mind we look at K,. 
If K, has a cluster point in ((Y, T,,), we define %‘(a) = {{(Y}}, and T, the topology 
on (Y + 1 having T, u {{a}} as a base. If K, is closed discrete in (a, T,), then first 
note that ((Y, T,) is weakly locally countable and weakly regular, hence by Lemma 
2.6(b), w-collectionwise Hausdorff. Thus, there exists a family {U,: x E K,} of 
pairwise disjoint open sets in (a, T,) such that x E U, for all x E K,. Let {A, B} be 
a partition of K, into two infinite sets. One of U {U,: x E A} or U { &: x E B} 
intersected with w is not in the ultrafilter u; say (U {U,: x E A}) n w FG u. Define 
B(cr) = {H u {a}: H is a cofinite subset of A}, 
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and define T,,, to be the topology on CY + 1 having as a base all sets U c LY + 1 such 
that either U E T,, or (Y E U, ( U n CY) E T,, and there exists B E 93(a) such that B c U. 
This completes the induction. The space X, = (c, T<) is clearly Hausdorff, count- 
ably compact, and has a weak base of countable, compact sets. Therefore, by Lemma 
2.8, X, is a sequential space, and thus sequentially compact. Further, by (5) the 
ultrafilter u does not converge to any point in X,; so X,, is not u-compact. This 
completes the construction. 
4. Iterations of W 
Definition 4.1. A family d c [Xlw is called almost disjoint provided if A and B are 
distinct elements of &, then An B is finite. 
Definition 4.2. Let (X, 9) be a topological space and &c [Xlw an almost disjoint 
family of closed discrete subsets of X. We define a space, denoted !P(X, &) as 
follows: The underlying set of the space is X u &, where we write xA instead of A 
for all AE &, and the topology is that having as a base 
Yu IJ {{x~} u U: U E 9 and A - U is finite}. 
AE.d 
Lemma 4.3. Let X be a space and ~4 an almost disjoint family of countable closed 
discrete subsets of X. For each A E ~4 let a(xA) = {{xA} u H: H is a cojnite subset of 
A}.If~isaweakbaseforX,then~u~{~(x,):A~~}isaweakbasefor~(X,A). 
Further, if X is weakly locally countable and weakly T3, then so is W(X, A). 
Definition 4.4. Let {(X,, s&): LY c-y} be a family of pairs with X,, a topological 
space, such that for all (Y < y 
(1) & c [X,,]” is an almost disjoint family of closed discrete subsets of X,, 
(2) if a + 1~ y, then X,,, = ?P(X,, Sp,), 
(3) if (Y is a limit ordinal, then X,, = IJ {X,: p < (Y}. 
Such a family is called a V-system of length y, and the space X, = I_. {X,: p < -r} 
is called the iterate (or limit) of the W-system. 
The next lemma concerns the matter of constructing non-u-compact spaces. To 
achieve a bit more generality there, we use the following generalization of w- 
collectionwise Hausdorff. 
Definition 4.5 [ 131. A space X is called weakly w-collectionwise Hausdorg provided 
for every countable closed discrete set H G X, there exists an infinite L= H and a 
family of pairwise disjoint open sets {U,: x E L} such that x E U, for all x E L. 
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Lemma 4.6. Let X be a weakly w-collectionwise HausdorfS space, and f: w + X a 
sequence in X which has no u-limit in X. Then there exists a maximal almost disjoint 
family 4 of countably infinite closed discrete sets in X such that f has no u-limit in 
P(X, 4. 
Proof. First we make the: 
Claim. For any countable closed discrete set H c X, there exist an injinite Lc H and 
open set W 2 L such that f -‘( W) P u. 
Given H, choose L c H and a pairwise disjoint family { U,: x E L} of open sets 
satisfying the properties in the definition of weak w-collectionwise normality. Let 
{A, B} be a partition of L into two infinite sets, then U,, = U {U,: x E A} and 
U, = U {U,: x E B} are disjoint. Since one of f -‘( U,) or f -‘( U,) is not in the 
ultrafilter u, we may choose W to be that one of U, or UR, and this proves the Claim. 
Let 5Y= { H E [Xl”‘: H is a closed discrete set}. By Zorn’s lemma there is an almost 
disjoint family Op which is maximal in 
{H E 2: there exists an open set U 2 H such that f -‘( U) EY u}. 
We need only note that it follows from the above Claim that A is also a maximal 
subset of 37. For this &, it is clear that in the space q(X, &), no xA (AE &) is a 
u-limit off: 0 
The Hausdorff property is always preserved by unions (in the sense of Definition 
2.9) but weakly w-collectionwise Hausdorff is not. Thus we must show that in the 
case of iterations of ‘Jf, we have weakly u-collectionwise Hausdorff, in fact w- 
collectionwise Hausdorff, at each step in the construction. 
Construction of X,, as an iterate of W. Let u E w*, and let X, denote w with the 
discrete topology. Let doe [w]~ be an almost disjoint family such that z&n u =B 
(an almost disjoint family that is maximal in {H E [Xlw: H SZ u} is also maximal in 
[w]~). Assume we have constructed for all (Y < y, where y < w,, spaces X, and 
maximal almost disjoint families 
&a c {H E [X,,]“: H is closed discrete in X,,} 
such that {(X,, dm): (Y < y} is a W-system of length y such that 
(1) X, is T2 an d has a weak base consisting of countable, compact sets, 
(2) u has no limit in X,,. 
Case 1: y is a limit ordinal. We are given the w-collectionwise Hausdorff space 
X, by Lemma 2.10. We have to define a maximal almost disjoint family A, of 
countable closed discrete subsets of X, so that u has no limit point in ?P(X,, d,,), 
and this we can do by Lemma 4.6. 
Case 2: y = LY + 1. We are given X,,, and d,, satisfying (1) and (2); so we put 
X <I + 1 = P(X,, de). Clearly X,,, has a weak base of countable, compact sets. By 
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(l), X, is weakly locally countable and weakly regular, hence X,,, is T2 (in fact 
w-collectionwise Hausdorff) by Lemmas 4.3 and 2.6(b). We define A,,, just as we 
did A, in Case 1. 
This completes the induction and give us a T-system of T,-spaces of length w, . 
We take X,, to be the iterate of this V-system. X, is sequentially compact because 
the iteration has length w,, and the families ~4, are maximal. X, is not u-compact 
by (2). 
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